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The Crystal Structure of Twinned Cds(PO4)3CI, 'Cadmium Chiorapatite' 
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Twins of synthetic 'cadmium chlorapatite' were used for crystal-structure determination. The space 
group P63/m is confirmed; a= 9.633 _+ 0.004 and c = 6"484_+ 0.004 ~&; Z=  2. The material is isostructural 
with fluorapatite. The volume ratio (0.35) of the crystals in the twin, and the usual structural detail 
have been obtained from X-ray data in which every observed reflection is the superposition of two 
reflections, one from each crystal in the twin. First the volume ratio and then the other parametezs 
were adjusted in each cycle of least-squares refinement. The final R values are 5.6 and 5.5 % for the 
two crystals in the twin. 

Introduction 

The members of the apatite group represented by the 
general formula As(MO4)3X form a wide range of 
substitution solid solutions by partial or complete re- 

placement of one kind of ion by another, with A =  
alkaline earths, alkali metals, rare earths, Cd, Pb, Mn, 
etc. ; M- -P ,  As, V, Si, AI, S, B, etc. ; and X =  F, C1, 
OH, O, Br, I or vacancies (Wondratschek, 1972). No 
complete crystal-structure investigation has been at- 
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tempted previously for any of the non-calcium apatites. 
'Cadmium chlorapatite', Cds(PO4)3CI, crystallizes in 
the hexagonal system with space group P63/m, as do 
calcium fluorapatite and hydroxylapatite. Stoichio- 
metric calcium chlorapatite, Cas(PO4)3C1, crystallizes 
in a very closely related monoclinic structure (b =2a, 
~,=120 °) with space group P21/b. Since cadmium 
chlorapatite has a relatively short c dimension, which 
would imply a CI CI distance less than the sum of 
ionic radii, it was thought possible that some struc- 
tural details might be modified by the substitution of 
cadmium for calcium. 

Experimental 

The crystals used in this study were prepared by Engel 
(1968) from melts of cadmium chloride and cadmium 
phosphate. Two acicular crystals, about 0.2 mm in 
length and 0.05 mm in diameter, were selected; during 
the course of the investigation they were found to be 
twins (by merohedry). The cell edges were found 
from diffractometer measurements. Our observations 
have confirmed the space group reported by Engel. 

Intensity data for 1840 reflections in the range 
0.29 < sin 0/2 _< 1.05 A -  1 were collected with a punched- 
tape-controlled single-crystal diffractometer and Zr- 
filtered Mo K~ radiation. The basic experimental con- 
ditions, including assignment of standard deviations 
for the observations, have been described elsewhere 
(Sudarsanan & Young, 1969). 

Absorption corrections for a cylindrical crystal 
(Gabe & O'Byrine, 1970) were applied. The linear 
absorption coefficient of this material for Mo K~ ra- 
diation is 11.3 mm -1 

Structure determination and refinement 

The relative intensities of the various reflections did 
not show the expected correspondence with the relative 
intensities of the same set of reflections of the calcium 
fluor-, chlor- or hydroxyl- apatites, with the exceptions 
of hOl and hhl data. Therefore a verification that the 
crystal structure was indeed of the apatite type was 
undertaken with a three-dimensional Patterson func- 
tion and a difference synthesis. The only unexpected 
finding was that chlorine in cadmium chlorapatite has 
the same coordinates, 0,0,¼, as fluorine in calcium 
fluorapatite, in contrast to those of chlorine in calcium 
chlorapatite, 0,0,0.444 (Mackie, Elliott & Young, 
1972). 

A three-dimensional least-squares refinement of all 
variable positional and temperature parameters was 
attempted with the chlorine held at 0,0,¼. Busing, Mar- 
tin & Levy's (1962) ORFLS program, modified by 
Johnson (1966) and called XFLS, was used. The atomic 
scattering factors used for Cd z÷, P~+ and O ~- were 
those given by Cromer & Waber (1965). Relevant cor- 
rections for anomalous dispersion were made with 
values of Af '  and Af"  calculated by Cromer (1965). 

These least-squares refinement attempts led to R2= 
23.0%, where Rz=(YllFol2-1Fclel)/(YlFol2), and to 
oxygen temperature parameters much larger than they 
are in fluorapatite (Young, Sudarsanan & Mackie, 
1972). 

A refinement was then carried out with the h and k 
indices of all the reflections interchanged. It yielded 
R2=26.0%, suggesting that some phenomenon in- 
volving interchange of x and y atomic coordinates in a 
substantial portion of the specimen was present (other- 
wise interchange of h and k would have produced a 
much larger increase in R2), but that the interchange of 
x and y was not due to a simple interchange of al and 
a2, such as would result from improper selection of the 
sense of positive z. Separate refinements with different 
sub-sets of the data were then undertaken to see if the 
difficulty could be identified from differences in the 
ways the same parameter would be refined. A refine- 
ment with reflections hOl and hhl gave Re = 7"2 % and 
normal values for all temperature parameters. Since, 
for the space group P63/m, IF(hkl)l = IF(khl)l for both 
hOl and hhl reflections, we hypothesized that the 
specimen used for collecting the X-ray intensities was 
a twin formed of two crystals, A and B, such that the 
coordinates x and y in the structure of crystal A were 
interchanged in that of crystal B (the ccordi:~ate axes 
of crystal A being used for crystal B). The fact that the 
structure refinement based on such a twin model was 
successful proves this twinning hypothesis. A detailed 
analysis of the twinning, involving directly the crystal- 
structure details found here, is the subject of the 
following paper (Donnay, Sudarsanan & Young, 1973). 

Structure refinement with twin data 
The type of twinning present, twinning by merohe- 

dry, cannot be detected by optical methods because 
the optical indicatrix is not affected by it. Neither is 
the twinning revealed directly in X-ray photographs, 
because all points of the lattice of the one structure 
register with the lattice points of the mirrored structure. 
Every observed reflection is the superposition of two 
reflections, hkl from crystal A in the twin and khl from 
the other.* The observed intensity I for the reflection 
indexed as hkl is given by 

l (hk l )=la+IB,  

where Ia and Is are the intensities contributed by 
crystals A and B, respectively. Noting that hkl and khl 
have the same Lorentz and polarization factor, and 
letting the absorption factor be A and the volumes of 
crystal A and crystal B be Va and VB, one may write 
the proportionality 

l(hkl)oc Lp A(VAIF(hkl)] 2 + VBIF(khl)l 2) 

* In the following paper (Donnay et al., 1973) it is shown 
that this superposition most probably arises because the coor- 
dinate axes of crystal B are symmetrical to those of crystal A 
by reflection in (1100), although reflection in (1~10) would also 
produce the same superposition. 
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or the equality 

I(hkl)  = s Lp A VA(lF(hkl)l 2 + KlF(khl)12) , 

where K is the crystal volume ratio VB/VA and s the 
proportionality constant. Setting 

1 
sVA= 

S '  
one can write 

1 
S ~ I(hkl)  = [F(hkl)l 2 + KlF(khl)12= SIo(hkl) (1) 

where Io is the observed intensity corrected by Lorentz, 
polarization and absorption factors, and 

The general problem of carrying out structure refine- 
ments with overlapping data is similar whether the 
overlapping is complete (such as it is for the twin- 
superimposed data here) or is only partial (as often 
occurs in powder diffraction patterns). Several ap- 
proaches have been taken by various authors. (i) 
Zalkin, Forrester & Templeton (1964) have deter- 
mined the structure of sodium fluosilicate from twin- 
produced superimposed data by finding the volume 
ratio of the crystals in the twin by trial of various 
values. (ii) Zachariasen & Plettinger (1965) employed 
a method of correcting the intensities for twinning. 
Their method was not employed here as it requires, 
for every intensity measured, the measured intensity 
of the twin-related reflection. Moreover, the unaccount- 
ed systematic and other errors in the observed inten- 
sities of the two related reflections affect the corrected 
intensity of every reflection. (iii) As suggested by 
Grainger (1969), refinement may be carried out with 
the twinning-insensitive sum of related-reflection in- 
tensities. As he noted, this summed-data method has 
the disadvantage of reducing the number of data to 
less than half in the final refinement. (iv) Hamilton & 
Ibers (1963) and Ibers & Hamilton (1966), dealing 
with overlapping neutron-diffraction powder data, have 
developed and used a least-squares refinement pro- 
gram that involves, directly in the normal-equations 
matrix, the volume fraction of each constituent. The 
difficulty of their method is that some special pro- 
gramming is needed for each specific problem. 

The method we have employed for carrying out 
structure refinement with twin data permits the use of 
all the measured intensities even though the separate 
contributions of the coinciding reflections are un- 
known. It is less general than the Hamilton & Ibers and 
approach and does not involve the volume fraction in 
the normal equations. However, it is easily used and 
requires no special programming. It comprises four 
steps. (i) In the first step, the parameters previously 
obtained from the least-squares structure refinement 
with the hOl and hhl dala were used in calculations of the 
structure amplitudes [F¢(hkl)] and IFc(khl)[. (ii) The 
second step was an approximation of the scale factor 
S and the volume fraction K by least-squares mini- 
mization of the expression 

~(S Io (hk l ) -  [F~(hkl)] 2 -  KlF~(khl)12) , (2) 

the summation being carried over all measured re- 
flections. The value of R2 was then calculated for the 
specimen. The first such least-squares minimization and 
subsequent calculation yielded R2=10.0% and K =  
0.38. (iii) On the basis of this value for the volume 
fraction, the corrected observed intensities were sepa- 
rated into the two parts due, presumably, to the two 
crystals in the twin: 

IF~(hld)[ 2 
IFoa(hkl)l 2= S[o(hkl) 

IF~(hkl)l 2 + KIF~(khl)l 2 

KlFoB(khl)l 2= Slo(hkl) -IFoa(hkl)l  2 

where [FoAl and ]Fos] are the values individually allo- 
cated for the observed structure amplitudes for the 
two crystals in the twin.* (iv) The final step of the pro- 
cedure was the least-squares refinement of positional 
and thermal parameters, carried out in the usual man- 
ner with one (or both) of the sets of separated data. 
The four-step cycle of operations was then repeated, 
the latest parametral values being used each time in 
step one. Four such iterations gave K=0.35, the 
final R values reported in Table 1 and structure- 
factor data as listed in Table 2. 

Table 1. Final R values (%) with K =  0-35 

RI R2 
For the specimen - 8.9 
For crystal A 5.2 8.4 
For crystal B 6.3 10.2 

R,= ~[IFoI-IFA[ R,= 7llF°lZ-IFc!-z- I 
Eleo[ - EIFol 2 

W R 2 =  [~;m(lrol2_lfcl2)2k;_~..lFo]3, ] 1/2 

WRz 
10"5 
10"3 
9-6 

As a verification, a least-squares structure refinement 
was then carried out with the data allocated to crystal 
B. Finally, a least-squares refinement was carried out 
with the data sets for both crystal A and crystal B 
used simultaneously. The weights were based on stan- 
dard deviations separately calculated for the two crys- 
tals from the conditions 

a A(hkl) IFA(hkl)l 2 
= . . . . . . . . . .  

aB(khl) ]FB(khl)] 2 

, (hk/ )  + ~B(khO = S~o(hkl) 

where aA(hkl) is the standard deviation in the deter- 
mination of [FA(hkl)[ z, aR(khl) is that in ]FB(khl)[ 2 
and ao(hkl) is the standard deviation assigned to the 
composite reflection intensity according to the proce- 

* [FoA(hkl)[ and [FoB(khl)] should approximate the IF(hkl)[ 
and [F(khl)], introduced in equation (1), which cannot actually 
be 'observed'. 
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T a b l e  2. observed and calculated structure factors for crystal A 

T h e  [Foal ~ values  have  been ex t rac ted  f r o m  the  S I o  values  for  the  ac tua l ly  obse rved  c o m p o s i t e  ref lec t ions  by the  m e t h o d  descr ibed  
in the  text.  
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Fig. 1. Stereoscopic  view of  ' c admium chlorapat i te '  approx imate ly  along e. The ellipsoids represent  r.m.s, thermal  v ibra t ion  
ampl i tudes  at 5 0 %  probabi l i ty .  The figure was prepared  by means of  Johnson ' s  (1965) O R T E P  program.  Cd]i  a toms  are 
shown connected  by triangles lying in the a, b plane and separa ted along z by c / 2 .  The shortest  distance between Cdi~ triangles 
in the a, b plane is a. The PO4 groups  can be identified by the lines jo ining the four  oxygen a toms in the group  to the one  
phosphorus  a tom.  Two  kinds of  a toms,  bo th  occurr ing in co lumns  parallel to e, are shown with no connect ing lines. Those  at 
the centers of  the CdH triangles are CI; the others  are Cdi.  The origin is midway between CI a toms  (lower left), with al 
point ing to the right and az toward  the upper  left. 
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Table 3. Positional and thermal parameters of  'cadmium chlorapatite' 

All values, except fractions, are multiplied by 104; standard deviations are given within parentheses for the parameters varied. 
The refinements were carried out with data from crystal A and crystal B together. 

Multiplier x y z fill fl22 fl33 fl12 fll 3 fl23 
O~ 4938 (63) 3512 (1) 5021 (1) ¼ 53 (1) 28 (1) 28 (1) 36 (1) 0 0 
OII 5190 (60) 5909 (1) 4598 (1) ¼ 19 (1) 37 (1) 51 (2) 13 (1) 0 0 
OIn 9509 (83) 3442 (1) 2667 (1) 598 (I) 58 (1) 28 (1) 10 (2) 16 (1) -- 18 (1) --7 (1) 
P 5148 (24) 4047 (1) 3773 (1) ¼ 23 (1) 22 (1) 10 (1) 11 (1) 0 0 
Cdt 3315 (7) ½ ] 54 (1) 39 (1) 39 4 (1) 19 (1) 0 0 
CdH 5005 (10) - 188 (1) 2534 (1) ¼ 36 (1) 35 (1) 12 (1) 19 (1) 0 0 
C1 1389 (14) 0 0 ¼ 24 (1) 24 218 (3) 12 0 0 

dure previously used (Sudarsanan & Young, 1969) 
which includes counting statistics and a lower limit for 
detectable intensity. The results for all three refine- 
ments agred within 2 standard deviations in the param- 
eters; Table 3 shows those for the composite refine- 
ment. In the final cycle, all shifts were smaller than the 
standard deviations in the parameters. 

Structure 

Cadmium chlorapatite (Fig. 1) is isostructural with 
(calcium) fluorapatite. Bond angles and interatomic 
distances (Table 4) were determined from the refine- 
ment results shown in Table 3. The side length of the 
Cdn triangle is 4-41 A whereas that of the Can triangle 
is 3.97 A in calcium fluorapatite and 4.21 ,~ in calcium 
chlorapatite. In contrast to the calcium triangle in 

Table 4. Bond angles and interatomic distances 

(a) Bond angles and their standard deviationsl- 
Oi--P-Om 112.7 (0.1) ° 
Oi--P-Oir 110"7 (0"1) 
OII-P-Ore 107"1 (0"1) 
OItI-P-O'IH 106"2 (0"1) 

(b) Interatomic distances and their standard deviationst 
O I - - P  1.531 (1) ,~ 
OI t - -P  1"562 (1) 
OI i l -P  1"542 (1)* 
O i - - O i r  2"545 (2) 
OIt--OxII 2"497 (2)* 
O i - - O m  2"558 (2)* 
O m - O ' m  2"466 (2)* 
Cdi--Ot  2"313 (1)** 
CdI -Oi l  2"380 (1)** 
CdI -OII I  2"881 (2)** 
Cdti -Oi  3-157 (2) 
Cdii-Oixi 2.203 (1)* 
Cdxl-O"xlr 2"465 (1)* 
CdII-Oii 2"253 (2) 
Cdn-Cl  2"545 (1) 

t(i) Standard deviations, referred to the last significant digit, 
are given in parentheses. 

(ii) O'ii i  is related to O m  by reflection in m at z = ¼. A doubly 
primed symbol (O"m)  designates an atom with coordina- 
tes y , y - x , z ,  where x , y , z  are those of the atom designated 
by the unprimed symbol (On0.  

(iii) The Function and Error Program (ORFFE) of Busing, 
Martin & Levy (1964) was used for the calculations. 

* The number of asterisks indicates the number of times 
the distance is repeated for symmetry-related sites of the 
second atom. 

calcium chlorapatite, the cadmium triangle in cadmium 
chlorapatite is large enough to accommodate the 
chlorine atom at its center. The Cd-C1 interatomic 
distance is 2.545 A, well within the normal range for 
Cd-C1. 

The parameters from the least-squares refinement are 
normal, in comparison with those known for several 
closely related calcium apatites (fluorapatite, hydroxyl- 
apatite and chlorapatite), with the exceptions of some 
site-occupancy factors and the apparent temperature 
factor flaa for chlorine along the c direction. The site- 
occupancy factor which appears most to require phys- 
ical justification is that for C1; a 15% to 18% defi- 
ciency of C1 appears to be indicated. Deficiency in the 
occupancy of this, the'halogen', site has often been noted 
in apatites (Sudarsanan & Young, unpublished) and 
has been particularly studied in synthetic chlorapatite, 
Cas(PO4)3CI (Prener, 1967; Prener, 1971 ; Mackie et al., 
1972). 

The ,833 value for chlorine is more than double that 
of fluorine in synthetic calcium fluorapatite (f l33 = 
0.0128; P. Mackie, unpublished) or in the mineral 
(fl33=0.0144; Young et al., 1972), an intriguing fact 
for which we have as yet no firm explanation. This 
large apparent temperature factor may in some way 
be related to the short CI-C1 distance (3.24 A vs. 
~3.62 A for the sum of ionic radii). The markedly 
low C1 site-occupancy factor suggests that a significant 
number of C1 vacancies occur, the charge balance 
presumably being maintained by loss of one half as 
many Cd ions in the manner reported by Prener (1971) 
for calcium chlorapatite. It is thus conceivable that 
the large value of fla3 reflects differences, in individual 
C1 positions, associated with scattered C1 vacancies: 
by permitting the adjacent C1 ions on either side to 
relax toward it, a vacancy enables the actual distances 
between consecutive C1 ions in the neighborhood to be 
larger than the distance c/2 between their crystallogra- 
phic sites. 

The authors are indebted to Professor H. Wondra- 
tschek and Dr G. Engel (Universit/it, Karlsruhe) for 
kindly supplying the specimens and for helpful dis- 
cussions. This work has been supported in part by the 
U.S. Public Health Service through NIH-NIDR grant 
DE-01912 and in part by the National Science Foun- 
dation through grant GA-1343. 
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Twinning in Relation to Structural Detail ill Cds(PO4)3CI, 'Cadmium Chlorapatite' 
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Synthetic Cds(PO4)3C1 ('cadmium chlorapatite') was found to be twinned by merohedry. Of the two pos- 
sible forms of twin mirrors, . m'. = {1210} a n d . .  m '=  {1T00}, . m'. can be ruled out structurally because 
it requires too short interatomic distances across the expected composition surface, which is made up of 
planar segments parallel with the faces of {1210}."T, he space-group symmetry of the twin is therefore 
P6a/mc'm' rather than P63/mm'c'. Chemically the cadmium analogue of calcium chlorapatite, cadmium 
chlorapatite is isostructural with calcium fluorapatite, in which the authors observed no such twinning. 
With the acceptable twin law . c'm' the distance between nearest oxygen atoms across the composition 
surface would be shorter in calcium fluorapatite (1.8 A) than it is in cadmium chlorapatite (2.0 A). 
Re-positioning displacements of the phosphate groups would also be larger in calcium fluorapatite than 
in cadmium chlorapatite in the process of twin formation. 

Introduction 

In a structure investigation of ' cadmium chlorapa- 
tite', Cds(PO4)3C1, with X-ray data (Sudarsanan, 
Young & Donnay,  1973), it was found that the spe- 
cimens are twinned by merohedry.  The structural de- 
tail reported in the previous paper has led us to exa- 
mine the atomic arrangement to try to answer the 
following questions. Firstly, can one twin law be 
selected over another  possible one, which would be 
equivalent if  only the lattice were considered? Sec- 
ondly, why is this twinning by merohedry less fie- 

quently observed in the isostructural calcium fluor- 
apatite? 

Nature of the twinning 

It is known (see, for instance, Friedel, 1904 or 1926) 
that twinning by merohedry,  found here in cadmium 
chlorapatite, can occur whenever the point symmetry 
of the crystal is lower than that of  the lattice. For 
point group 6/m the hexagonal lattice, with point  
symmetry 6/m 2/m 2/m, possesses twelve addit ional  
symmetry operations, viz. two sets of  three rotations 
and three reflections each, expressed by the 2/m sym- 


